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Excitonic spectra of weakly disordered semiconductor heterostructures are simulated on the basis of a
one-dimensional tight-binding model. The influence of the length scale of weak disorder in quantum wells on
the redshift of the excitonic peak and its linewidth is studied. By calculating two-dimensional Fourier-
transform spectra we are able to determine the contribution of disorder to inhomogeneous and also to homo-
geneous broadenings separately. This disorder-induced dephasing is related to a Fano-type coupling and leads
to contributions to the homogeneous linewidth that depends on energy within the inhomogeneously broadened
line. The model includes heavy- and light-hole excitons and yields smaller inhomogeneous broadening for the
light-hole exciton if compared to the heavy-hole exciton, which agrees qualitatively with the experiment.
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I. INTRODUCTION

Semiconductor heterostructures generally possess a cer-
tain degree of disorder. In a quantum well, e.g., it results
from either static fluctuations of the well width or from alloy
disorder. The electronic and optical properties of these struc-
tures are sensitive to disorder and it is desirable to determine
to what extent these properties are influenced by the param-
eters characterizing a given type of disorder. In this work we
study the impact of weak disorder on linear and nonlinear
optical excitonic spectra in model calculations.

The theoretical treatment of disorder and many-body in-
teractions on an equal footing is still a demanding task.
There are various ways to solve this problem. Assuming that
the optical properties being studied are self-averaging, one
can set up the set of equations of motion for the relevant
dynamical variables, which in this case are the configuration-
ally averaged linear and nonlinear optical polarizations. This
scheme requires an approximation to obtain a closed set of
equations.1 It has been shown, however,2 that, in particular,
the second Born approximation is ill controlled and leads to
unphysical results.

Alternatively, one calculates the dynamical variables for
given realizations of disorder and averages at the end. Ap-
proximations are thus avoided and the model is evaluated in
a numerically exact way. For the calculation of linear spec-
tra, direct diagonalization of the Hamiltonian with subse-
quent averaging is also possible. In the present work we will
follow this approach.

While certain aspects of disorder-induced features of lin-
ear spectra have been studied by analytical and numerical
approaches, the majority of model calculations, in particular,
for nonlinear optical properties, have been performed using a
one-dimensional tight-binding model,3 which in a real-space
basis allows one to include disorder in a natural way.

Previous studies include the calculation of linear absorp-
tion spectra,4–8 pump-probe spectra,9 time-resolved and

time-integrated four-wave-mixing �FWM� traces,10–12 and
two-dimensional Fourier-transform spectra �2DFTS, a vari-
ant of FWM �Ref. 13��.14 In linear spectra, the inhomoge-
neous linewidth and the asymmetry of excitonic spectra have
been related to disorder parameters such as amplitude and
length scale.6 On the other hand, nonlinear optical spec-
troscopies allow one to separate homogeneous �optical
dephasing� and inhomogeneous contributions to the exci-
tonic linewidth. In calculations of FWM traces for relatively
large disorder, it has been shown that disorder not only re-
sults in echoes but also contributes to dephasing �“disorder-
induced dephasing”�.10–12,15 For weak disorder, compared to
time-resolved and time-integrated FWM traces, the 2DFTS
scheme has advantages for the study of contributions to the
excitonic linewidth.16 However, the results obtained so far
are not based on a microscopic implementation of the disor-
der potential, such that disorder-induced dephasing could not
be studied in Ref. 16. By a convolution of spectra deter-
mined for ordered models with a Gaussian distribution of
gap energies it was illustrated how one can determine homo-
geneous and inhomogeneous contributions to the linewidth
for cases where disorder is weak and where more than just a
single excitonic transition exists.

Since the calculations aim at experimentally accessible
data which are first �linear� or third order �FWM� in the
excitation light field, the Coulomb interaction can be treated
in the Hartree-Fock �HF� or beyond HF limit, i.e., including
coherent biexcitonic �many-particle� correlations.15 For the
determination of the optical properties in these schemes, the
semiconductor Bloch equations need to be solved numeri-
cally for the optical polarization in the required order in the
external light field.

Following this approach, we are able to identify micro-
scopic mechanisms that lead to disorder-induced features of
the excitonic spectra. In particular, we concentrate on disor-
der resulting from local fluctuations of the confinement po-
tential, giving rise to a weak �with respect to the exciton
binding energy� correlated disorder potential for electrons
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and holes. It is furthermore characterized by a certain length
scale.

We start by studying in detail the influence of the length
scale of the disorder potential on linear spectra and demon-
strate the interplay of Coulomb and disorder effects that
leads to universal behavior in the regime where length scale
is smaller than excitonic Bohr radius. Then, based on the
discussion of 2DFTS, a deeper understanding of the previ-
ously introduced notion of disorder-induced dephasing is
achieved by noting two facts. �i� excitonic transitions in a
disordered low-dimensional �here one-dimensional� environ-
ment are spatially localized with respect to their center-of-
mass �COM� motion and �ii� due to the nonperiodic potential
causing a violation of the selection rule for the COM mo-
mentum, it couples to the light field. In addition the COM
continuum will be modified due to localization.6 This cou-
pling leads to a scenario known as Fano coupling17,18 that
contributes to the homogeneous linewidth.

This paper is organized as follows: in Secs. II and III we
set up the tight-binding model, implement the disorder po-
tential characteristic for well-width fluctuations, and briefly
discuss the solution of the equation of motion for the linear
and nonlinear optical polarizations. In Sec. IV the linear
spectra are studied as a function of the length scale of the
disorder potential. In Sec. V 2DFTS are discussed for a
simple Fano situation and an application to excitonic spectra
is discussed. In Sec. VI calculations of 2DFTS are shown for
the semiconductor model and analyzed in order to identify
homogeneous and inhomogeneous broadening of the transi-
tions separately. In the concluding Sec. VII we discuss the
good qualitative agreement that is obtained from the com-
parison of our simulations with experimental data.

II. MODEL

Instead of intending to model a given semiconductor het-
erostructure, in this work we study disorder-induced features
and mechanisms for a model system that on one hand, com-
prises the relevant features determining the optical response
of realistic heterostructures and on the other hand, is numeri-
cally tractable. This model is then evaluated without using
any approximation. Limitations are then only due to model
assumptions. Indeed our model is not intended to yield quan-
titative agreement with experimental data obtained on three-
dimensional quantum structures. However, a large body of
experience �see, e.g., Refs. 10–12, 14, and 19, and, in par-
ticular, Ref. 15 and references therein� with this model has
shown that general trends in optical data as a function of
physical parameters and also microscopic mechanisms un-
derlying these trends can clearly be identified using this ap-
proach.

We use a one-dimensional two-band tight-binding model,
for details see Refs. 10 and 15. It consists of a periodic chain
of sites with nearest-neighbor separation a and periodic
boundary conditions. Each site i carries a single electron
level �i

c and one or two hole levels �i
v, where v denotes a

heavy-hole �h� or light-hole �l� state. The states of nearest-
neighbor sites i , j are coupled by matrix elements J�, where
�=c ,h , l. This model is characterized by single-particle co-

sine bands, which in the vicinity of the direct gap are para-
bolic. The model parameters a and J� determine the effective
masses via m�=�2 / �2�J��a2�. Other parameters of the model
are listed below. N is the number of sites, �v are the optical
dipole elements for transitions between hole band v and elec-
tron band c. V0 is the parameter determining the strength of
the Coulomb interaction, which together with a regulariza-
tion parameter a0=0.5a determines the exciton binding ener-
gies and, together with the masses, also the exciton Bohr
radius aB. This parameter is a necessary requisite in one-
dimensional models which removes the unphysical diver-
gence of the exciton binding energy.20 T2

v are phenomeno-
logical dephasing times. The excitation pulses are taken to
have Gaussian envelope with time scale of 100 fs and central
frequency close to the excitonic resonances. M is the number
of realizations of the disorder potential. W� is the width of
the boxlike distribution of site energies around zero mean. L
denotes the length scale of the disorder potential. As the
value of a is determined by the masses m� and the J� but
otherwise does not appear in the results, we normalize all
lengths with respect to a. For our choice of J� and the
strength of the Coulomb potential V0, the exciton Bohr radius
aB is about two times a and its binding energy is sufficiently
larger than the exciton linewidth.

Henceforth in this paper, we model correlated disorder,
which reflects the fact that a decrease in the width of the
quantum well causes the electron and heavy- and light-hole
valence-band energies shift to opposite directions, thereby
producing larger gaps between the c and v levels at a given
site. In this scenario, the widths of the box distributions W�

scale with the inverse masses of the particles, which are in-
versely proportional to J�. Thus the relevant dimensionless
disorder parameter is the ratio W /J.

The length scale L is implemented as follows. For a given
realization the site energies are drawn from the box-
distribution resulting in a discrete function �i �we omit the
upper index � for clarity here�. The standard deviation is
determined. Then �̂�k�, the Fourier transform of �i is multi-
plied with a Gaussian �exp�−L2k2 /4� and back transformed
into site representation. The resulting potential has smaller
standard deviations than the original one, see Fig. 1. There-
fore it is renormalized such that its standard deviation agrees
with the original one. In the inset of Fig. 1, the spatial high-
frequency components are thus removed in a disorder poten-
tial with larger length scale.

In Sec. VI we will choose the model parameters having
GaAs/AlGaAs quantum wells in mind. Application of
2DFTS for the ordered situation has been discussed in Ref.
14. There the effective mass of the heavy hole has been taken
to be larger than that for the light hole. Thus, in the present
context, the amplitude of the disorder potential of the light-
hole states is larger than that of the heavy-hole states.

III. THEORETICAL METHOD

In this work, we consider linear and nonlinear optical
spectra that are experimentally determined by applying short
�typically 100 fs� pulses to the sample. The temporal re-
sponse, given by the optical polarization P, is then Fourier
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transformed with respect to real time by the spectrometer
and, in the case of 2DFTS, also numerically with respect to
time delay between excitation pulses.21 Theoretically, we fol-
low this scheme and calculate P in the time domain from the
equation of motion that include the pulse excitation as given
by the experiment.15,19 For an alternative theoretical treat-
ment of 2DFTS see Refs. 22 and 23. In the case of linear
spectra we also use direct diagonalization and the Elliott
formula.24

The optical polarization P is given by the microscopic
polarization pij = �vi

h,lcj�, where vi and cj �h , l� are hole and
electron operators, respectively.15 This time-dependent func-
tion is calculated for each of the M different realizations of
the disorder potential. The ensemble averaged polarization is
then determined by superposition.

In short-hand notation �for the full expressions see, e.g.,
Refs. 9, 10, and 15�, the equation of motion for the linear
polarization ���1�� reads

− i�
d

dt
p = − ��xp + ��E , �1�

where �x is the single-particle Hamiltonian matrix including
the electron-hole attraction, the site energies, and the intersite
couplings. E is the pulsed electric laser-light field. Multiply-
ing the resulting p by � and summing over all sites yields P.
This function is then Fourier transformed, its imaginary part
is the linear absorption spectrum.

The two-dimensional nonlinear spectra display the elec-
tric field E��t ,�	 ,T�. It is proportional to the Fourier trans-
form of the nonlinear optical polarization P�t ,	 ,T�. Here t is
the time, 	 the delay between first and second excitation
pulses, and T that between second and third pulses. We take
T=100 fs throughout. The frequency variables �t and �	

refer to the time variables t and 	, respectively. Since
E��t ,�	 ,T� is a complex-valued function, we can plot its
real part, imaginary part, and amplitude. In this work we
only consider the so-called rephasing mode, where the first
two pulses are arranged in time such that a photon echo

would result in the temporal response. Conventionally, the
spectra are then plotted for positive �t and negative �	, such
that the diagonal �t=−�	 extends from the upper-left to the
lower-right corner of the two-dimensional plot. �For clarity,
in this work, we indicate the energies only at the horizontal
�t axis, the energies at the −�	 axis follow from reflection at
the diagonal.�

In the above short-hand notation, the equation of motion
for the nonlinear ���3�� microscopic polarization reads

− i�
d

dt
p = − ��xp + Vp�pp + VB̄p� + ��E − ��Ep�p , �2�

where B̄ describes the biexciton many-particle correlations
beyond HF and obeys the equation of motion

− i�
d

dt
B̄ = − ��2xB̄ + Vpp . �3�

Here �2x is the two-particle Hamiltonian matrix containing
also all two-particle Coulomb interactions between the two
electrons and two holes. This closed set of equations follows
from the dynamics-controlled truncation scheme,15,25 which
is the consistent treatment of the Coulomb interaction for ��3�

processes like FWM and 2DFTS.
Disorder and many-particle interaction both lead to spec-

tral features that are not easy to disentangle. Therefore, we
will also use calculations where certain aspects of the Cou-
lomb interaction are omitted. In particular, we may write
�again in short-hand notation�9

P = Ppb + P1st + Pcorr. �4�

Here Ppb refers to the Pauli-blocking limit, which results
from Eq. �2� if the second and third terms on the right-hand
side are omitted. Ppb+ P1st denotes the HF limit, where only
the third term is omitted. P= Ppb+ P1st+ Pcorr is the full result
including the many-particle correlations.

IV. LINEAR SPECTRA

In this section we focus on a single excitonic line. Prior
work has shown that disorder leads to various effects includ-
ing a redshift of the excitonic peak relative to ordered case,
an asymmetric line shape and broadening of the line.6,7 Even
in an ordered situation the excitonic line shape is not sym-
metric, which is due to the electron-phonon interaction.26,27

This effect will not be treated in this work, assuming that
disorder effects dominate the line shape. However, an asym-
metric line shape in the ordered case is also due to the cou-
pling between exciton and the pair continuum, which is in-
cluded in our calculations. This coupling depends on the
excitonic binding energy, for smaller binding energy we ob-
serve a more asymmetrical absorption line. Therefore, for
larger binding energy �about 19 meV� in the ordered situa-
tion we have an almost symmetric Lorentzian due to phe-
nomenological dephasing. It is assumed that disorder effects
dominate the line shape of the disordered situation.

A. Dependence of linewidth on disorder length scale

Disorder broadens the absorption line. It is known5 that
alloy disorder has a different impact on the line shape com-

FIG. 1. Dependence of the standard deviation of the disorder
potential on the length scale L /a before renormalization. The hori-
zontal line indicates the standard deviation of the potential resulting
from the original box distribution. Inset: representation of the renor-
malized disorder potentials for different length scale.
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pared to interface roughness. In this work, we consider inter-
face roughness as the dominant source of disorder in a semi-
conductor quantum structure.

The linear spectra have been calculated using direct di-
agonalization and the Elliott formula.24 We have also used
the equation of motion approach with very short excitation
pulses solved in the linear regime. The results agree per-
fectly, however, the former approach is by far numerically
faster.

The features of the inhomogeneously broadened lines de-
pend on the interplay of disorder and Coulomb effects. Both
of them are characterized by a length scale. The disorder
potential is characterized by L /a while the Coulomb effects
reflect the excitonic Bohr radius aB /a.28 In order to clearly
identify the Coulomb-related features width �the full width at
half maximum, FWHM� and shift are plotted not only as a
function of L /a but also against L /aB, see Figs. 2�a�, 2�c�,
2�b�, and 2�d�, respectively.

For the length scale smaller than Bohr radius it is
known4,7 that the exciton relative motion averages over the
disorder potential resulting in a reduced amplitude of the
effective potential and an effective length scale close to the
Bohr radius. This reduced disorder strength leads to a re-
duced inhomogeneous width. For a length scale L much
larger than the Bohr radius the Bohr radius does not directly
influence the spectral width. For large L one expects a satu-
ration value of the width. See Fig. 2�a�, which shows the
increase in the FWHM with L for different strength of the
Coulomb interaction. The strength of the Coulomb interac-
tion is here given by the corresponding Bohr radius �see
labels on Fig. 2�b��. In Fig. 2�a� we notice that the width
increases with disorder length scale monotonically. However,
for different Coulomb strength, as quantified by the legend
given in Fig. 2�b�, there is no universal behavior.

On the other hand, if we plot the FWHM width versus L
scaled by the Bohr radius, a clear trend can be seen �Fig.
2�b��. For the length scale less than the Bohr radius a seem-
ingly universal behavior results, indicating that the spectra
are indeed determined by the ratio of the length scale and the
Bohr radius. For larger length scale a universal behavior is

seen more clearly in Fig. 2�a�, indicating that here the role of
the Coulomb effects is less dominant.

These curves do not approach a single value for large L.
This divergence is due to the electron-hole pair continuum
which contributes to the width, in particular, for small bind-
ing energy.

The lower part of the figure shows the shift of the exci-
tonic peak relative to the one in ordered case �Figs. 2�c� and
2�d��. Here it is important to remark that the energy scale of
this shift is much less than FWHM. Obviously, the depen-
dence of the shift on length scale is nonmonotonic. Again we
see different regimes. For the length scale less than the Bohr
radius Fig. 2�d� indicates that there is a universal character
�the shift becomes larger�, determined only by the ratio of
length scale and Bohr radius. On the other hand, for increas-
ing length scales beyond Bohr radius, the excitonic peak
moves toward higher energy and finally returns back to the
lower energy. The Bohr radius no longer influences the shift
directly. This turning back of the peak toward lower energy
for large and increasing L is not physical but is an effect of
the finite size of our model.

Thus both width and shift are determined by L /aB, if L

aB in a universal manner. For larger L the Coulomb inter-
action does not directly influence the dependence of the
spectral features on L.

B. Dependence of linewidth on hole mass

Existing experiments14,29 indicate that the inhomogeneous
width of the light-hole exciton is smaller than that of the
heavy-hole exciton. In this section we, also for later refer-
ence, study the effect of hole mass on the width of the linear
spectrum. The mass of electron and/or hole influences the
inhomogeneous width via two different mechanisms. In the
present model of disorder due to well-width fluctuations, the
variance of the disorder potential for a particular particle
increases linearly with its reciprocal mass, i.e., with its cou-
pling J. On the other hand, for decreasing reduced excitonic
mass, being �1 / ��Jc�+ �Jv��, the Bohr radius aB increases and
thus the averaging effect becomes more pronounced. Figure
3 demonstrates the crossover between these two regimes.

In this figure we display the dependence of the FWHM of
exciton absorption spectra on coupling parameter Jv, i.e., on
effective hole mass. The disorder parameter W /J was kept
constant. We expect that the increasing the coupling param-
eter Jv increases the width via increasing disorder amplitude.
This expectation is true for Jv�1.5 meV. For the small cou-
pling parameter Jv we observe a decrease in the FWHM with
increasing of coupling parameter Jv. Here the averaging ef-
fect dominates over the above-mentioned mechanism. See
Fig. 1, where the standard deviation of the unrenormalized
potential is shown as a function of its length scale. In the
present context the length scale should be identified with aB,
which increases with Jv. The initial strong drop of the stan-
dard deviation with L �aB� is the reason for the initial drop of
the FWHM in Fig. 3. It is therefore clear that a universal
monotonic dependence of inhomogeneous width on mass of
the particles does not exist.

FIG. 2. Upper row: FWHM of the absorption spectra of the
exciton and lower row: shift of the maximum of the excitonic ab-
sorption line. Left-hand column: plotted vs L /a and right-hand col-
umn: plotted vs L /aB. Various curves refer to aB /a as given in �b�.
Disorder parameter is W /J=0.2.
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V. TWO-DIMENSIONAL FOURIER-TRANSFORM
SPECTROSCOPY

In the second part of the paper we take advantage of the
recently developed technique of two-dimensional Fourier-
transform spectroscopy,30 applied to semiconductors. One of
the applications of this experiment is to identify the homo-
geneous and inhomogeneous contributions of the broaden-
ings to the linewidth of the exciton. In this variant of a FWM
experiment the temporal order of the first two excitation
pulses can be interchanged, leading to the rephasing and
nonrephasing modes. Using these two operating modes, we
are able to resolve the spectra and define those broadenings
for each spectral contribution separately.16 In the following
2DFTS, the vertical scale follows from the horizontal one by
mirror reflection at the diagonal. In this work we will con-
sider cocircularly polarized excitation pulses exclusively. In
this case contributions due to bound biexcitons are absent.
Biexcitons would obscure the disorder-induced features in
the spectra for weak disorder.

A. Fano features

In the following section, we consider the influence of cou-
pling to continuum states on homogeneous broadening. Op-
tical transitions between discrete states that are coupled to
transitions into a continuum are known to result in asym-
metrical line shapes in the linear optical spectrum.17,18 This
so-called Fano situation can also be identified applying two-
dimensional Fourier-transform spectroscopy. We will demon-
strate that due to the Fano effect, disorder contributes to the
homogeneous linewidth of the exciton.

In the typical Fano situation there is an optical transition

from the ground state to a single discrete state and a transi-
tion from this ground state into a continuum of states. In the
classical scenario the optical transitions are given by an op-
tical dipole matrix element �ag for transitions into the single
discrete state and by a constant dipole matrix element �0 for
those into the continuum, see Fig. 4. We here consider an
unstructured continuum with a constant density of states �.
However, the discrete state and the continuum are not con-
sidered to be eigenstates since there is coherent tunneling
from the discrete excited state to the continuum states. The
decay rate from the discrete resonance into the continuum is
given by . This scenario can be presented in form of a
two-level system coupled to a continuum, see top of Fig.
4�b�. The analytically calculated17 linear spectrum in Fig.
4�b� illustrates the typical Fano character. The main reason
for this Fano line shape is the interference of the transition
into the discrete state and into the continuum of states. Thus
once the coupling to the continuum is replaced by a phenom-
enological dephasing rate � of the discrete transition, we
obtain typical absorptive line of the discrete transition on top
of continuum states �see the linear spectrum, Fig. 4�a��.

For the level system of Fig. 4�b� an analytical calculation
of 2DFTS yields �see also Ref. 18�

FIG. 3. FWHM extracted from the linear spectra of the excitonic
line for N=100 and the number of realizations M =100 and W /J
=0.4. Disorder length scale is L=a. Crosses depict values for Jv of
1.8 and 2.25 meV, which we will discuss in Sec. VI.

FIG. 4. �Color online� �a� From top to bottom: level scheme
showing transition into a single state �a� with dipole matrix element
�ag and phenomenological dephasing rate � and into a continuum
of states with matrix element �0; analytical results for the linear
spectrum and amplitude 2DFTS, rephasing mode, corresponding to
the level scheme above. �b� From top to bottom: level scheme
showing transition into a single state �a� and into a continuum of
states with matrix element �0,  is the coupling rate between �a�
and the continuum; analytical results for the linear spectrum and
amplitude 2DFTS, rephasing mode, corresponding to the level
scheme above.
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P�3���t,�	� = 2
i�0

3

�3 �2�0
4�1 +



2
�q − i�2



2
− i���t − Ea�	

��1 +



2
�q + i�2



2
+ i���	 − Ea�	 , �5�

where

q = 
 2

��
�1/2�ag

�0
�6�

is the Fano parameter.  determines the purely homogeneous
linewidth of the Fano line. The energy ��t ���	� is called
emission �absorption� energy.

The 2DFTS shows the expected asymmetry and, more
important, two prominent lines extending into the positive
horizontal �emission energy� and into the negative vertical
�absorption energy� directions, see bottom of Fig. 4�b�. The
width of the dominant peak �along the diagonal� is due to the
homogeneous broadening induced by coupling to the con-
tinuum.

If we replace  by a phenomenological dephasing rate �
of the discrete transition �see top of Fig. 4�a�� we obtain
symmetrical vertical and horizontal lines �bottom of Fig.
4�a��. The resulting 2DFTS reflects the fact that there is the
common ground state �g� for the discrete and continuum
states.

B. Single exciton

Now we consider the real semiconductor and first focus
on a single exciton in both the ordered and the disordered
situations. Since we are interested in a contribution of disor-
der to the homogeneous broadening, we compare rephasing
mode 2DFTS in the ordered and disordered situations.16 It
has to be noted that in this section we model disorder in such
a way as to obtain pronounced disorder effects. In particular,
the length scale of disorder has been chosen to be equal to
Bohr radius which is about 2.4a and significant disorder am-
plitude, W /J=0.1 �corresponding to Wv=0.334 meV�.

Figure 5 shows our results for Pauli-blocking calculations.
In this case the nonlinear third-order signal includes the
many-body interaction only in first order. Correlations in the
��3� limit also affect the line shape. These correlations are
excluded. It allows us to extract the pure disorder-induced
dephasing. Since the linear spectra provide solely the sum of
homogeneous and inhomogeneous broadenings due to disor-
der �Fig. 5, upper figure�, from the rephasing mode the ho-
mogeneous broadening can be extracted. Comparing Figs.
5�a� and 5�b� we obtain an additional disorder-induced ho-
mogeneous width of 0.22 meV. Note that in principle the
imaginary-part 2DFTS �Fig. 5�b�� can provide even the spec-
tral dependence of the disorder-induced dephasing, in other
words, the lifetime of each localized exciton within the in-
homogeneous ensemble. The arrows in Fig. 5�b� demonstrate

the increase in homogeneous broadening for higher energies
within the inhomogeneous line.

We now compare the amplitude 2DFTS for the ordered
and disordered �Fig. 5�c� and 5�d�� situations. In the disor-
dered spectrum, we obtain a continuous decay along the di-
agonal toward higher energies. Toward lower energies, the
decay is much faster, reflecting the asymmetric linear line
shape of an exciton in a disordered environment. In addition
to these features, which are already known from the linear
spectrum, we notice a crosslike structure of the excitonic
peak. Although such structure already appears for a single
homogeneously broadened transition, Fig. 5�d�. Here the ex-
tension toward both higher emission and absorption energy is
more pronounced. This reflects the Fano-type coupling dis-
cussed above.

Thus, by using amplitude and imaginary-part 2DFTS
rephasing mode both for the ordered and the disordered situ-
ations we are able to qualitatively identify couplings of dis-
crete transitions to �disorder-modified� COM continua. There
are two possible cases: �i� if the Fano-type scenario applies,
we can interpret the mechanism leading to additional homo-
geneous broadening in terms of the coupling of a given lo-
calized exciton to the COM continuum of neighboring exci-
tons. �ii� The alternative interpretation is not based on
coupling between different neighboring excitons but applies
already for a given exciton, where the lowest and dominant
transition is optically coupled �via the ground state� to the
COM continuum of the same exciton.

FIG. 5. �Color online� Upper figure: linear spectra for the or-
dered �solid line� and disordered �dot-dashed line� situation. Nor-
malized imaginary-part 2DFTS, rephasing mode, �a� for the ordered
and �b� for the disordered cases in the Pauli-blocking limit. Disor-
der amplitude of the heavy-hole exciton is 0.334 meV, correspond-
ing to the disorder parameter W /J=0.1. The number of realizations
is 40. Normalized amplitude for �c� ordered and �d� disordered
cases, respectively. The energies at the vertical axis follow from
reflection of the horizontal axis at the diagonal.
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At present it is not possible to decide which of these two
mechanisms applies to the given spectrum. In a Fano-type
scenario one would expect to see a dip along the diagonal
toward lower energies. However, for our present model we
have a superposition of more than just one single excitonic
peak due to the inhomogeneous broadening, which washes
out this dip.

Finally, Fano-type couplings can also be induced by the
many-particle interaction. For example, a light-hole exci-
tonic peak “sits” on top of the continuum of a heavy-hole
excitonic peak. Such kind of situation has been observed in
the experiment and investigated in Refs. 31 and 32. Coupling
between the light-hole exciton and the heavy-hole pair con-
tinuum due to the many-particle correlations was considered.
Note that this particular coupling is be absent in the HF limit
for the cocircular polarization of the excitation pulses. While
the spectra calculated in the Pauli-blocking and HF approxi-
mations do not show the above-mentioned Fano signatures,
they are clearly seen in the full calculation including the
many-particle correlations and can therefore be classified as
a many-body induced Fano effect.

VI. HEAVY- AND LIGHT-HOLE EXCITONS

We will consider in more detail the influence of disorder
on heavy- and light-hole excitons by applying the full ��3�

theory to the disordered situation. In contrast to Ref. 14,
where we mimic disorder using a Gaussian convolution in
order to illustrate the method, here, we model disorder mi-
croscopically. Therefore we are expecting that the heavy- and
light-hole excitons have different inhomogeneous broaden-
ing, as was observed in the experiment. We emphasize that
we now aim at a deeper understanding of experimental data
at microscopic level if compared to the qualitative studies in
the previous sections.

Analyzing experimental data, we conclude that the sample
has weak disorder, this conclusion allows us to reduce the
computational time thanks to a small number of realizations.
The length scale of our correlated disorder is taken to be
equal to the site separation a. The phenomenological dephas-
ing times and effective masses are consistent with experi-
mental data.

Our full calculations, which include also the correlations
beyond HF, constitute even for a small number of realiza-
tions a major computational effort. We made initial calcula-
tions �not shown� in the Pauli-Blocking limit to make pre-
liminary estimates of the phenomenological dephasing rates.
Of course, for the realistic simulations we use the full calcu-
lations. The resulting homogeneous broadenings deviate
from those of the Pauli-blocking calculations.

A. Heavy-hole exciton

We first compare the inhomogeneous broadenings of the
heavy-hole exciton determined by the experiment �Fig. 6�a��
and by the numerical simulation �Fig. 6�b��, where the dis-
order is modeled as described in Sec. II.

At the top of Fig. 6 we show the linear spectra calculated
using Gaussian convolution �solid line� and the linear spec-

trum for the microscopically modeled disorder �dashed-
dotted line�. We are able to fit the linear spectrum using
Gaussian convolution. On the other hand, for disordered
semiconductors it is not possible to fit the line shape of
2DFTS by this method since it contains more spectral infor-
mation than the linear spectrum.

We apply the method, which was described in Ref. 16 in
order to determine the homogeneous and inhomogeneous
broadenings. From the dispersive �either in the real- or the
imaginary-part spectra� rephasing mode spectra we deter-
mine �hom, which is proportional to the total homogeneous
width, by measuring the energetic distance between the
maximum and the minimum at a line perpendicular to the
diagonal. The sum of inhomogeneous and homogeneous
widths follows in a similar way from the nonrephasing spec-
tra. The extracted values are shown in Fig. 7 �black square:
experiment and black triangle: simulation�. It shows that the
amplitude of the disorder in our simulation can be well esti-
mated and implemented in our simulations, also the phenom-
enological dephasing time can be fitted to the experiment.
Thus the black triangle error bars for homogeneous and in-
homogeneous broadenings of the heavy-hole exciton ob-
tained from the present calculation show good agreement
with the experimental ones �black square�.

We focus on the line shape of 2DFTS, rephasing mode.
The line shape of the experimental imaginary-part 2DFTS
rephasing mode �Fig. 6�a�� shows slightly absorptive charac-
ter instead of dispersive one in the simulations �Fig. 6�b��.
The reason could be the not sufficiently controlled global
phase in the experiment, which can invert imaginary into real
part.33 Of course, it cannot be excluded that the schematic
nature of our present model leads to this slight discrepancy.
The distance between minimum and maximum does not in-
crease due to Fano effect as demonstrated in the previous
section. That means that homogeneous broadening is almost
not influenced by disorder because we here have the case of
weak disorder �L
aB�. The butterfly form of the imaginary
part shown in Fig. 5�b� cannot be identified in Fig. 6. Note

FIG. 6. �Color online� Upper figure: normalized linear spectra
for the ordered �solid line� and disordered �dot-dashed line� situa-
tion at the heavy-hole excitonic peak. Normalized imaginary-part
2DFTS rephasing mode: �a� experimental data are taken from Ref.
14 and �b� modeled disorder with the amplitude of 0.72 meV,
W /J=0.4, and the number of realizations is 13. Disorder length
scale L=a. The energies at the vertical axis follow from reflection
of the horizontal axis at the diagonal.
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that in the above-mentioned example �Fig. 5�b�� we have
chosen our model parameter in order to obtain strong disor-
der effects �L=aB�.

Using the nonrephasing mode �not shown here� we extract
the inhomogeneous broadening of the simulated spectrum,
which is smaller by 35% compared to the input disorder
amplitude used in the calculations �see Fig. 7, compare the
black triangle with corresponding Wh=0.72 meV�. The ex-
planation of the reduced inhomogeneous broadening is the
averaging effect, which is in particularly effective since the
Bohr radius of the heavy-hole exciton is larger than the
length scale of the disorder. This reduction also agrees with
the dependence of the FWHM on Jv shown in Fig. 3 for Jv

=1.8 meV �crosses indicate FWHM for the h heavy- and l
light-hole excitons, respectively�. Our material parameters
correspond almost to the minimum of the curvature, i.e., the
crossover between the two regimes.

B. Light-hole exciton

Now we focus on the light-hole exciton. In the experi-
mental samples the light-hole exciton is energetically on top
of the pair continuum of the heavy-hole exciton. For the
cocircular excitation considered here, these two sets of tran-
sitions only couple due to many-particle correlations. In the
full calculations, we therefore expect that homogeneous and,
in particular, inhomogeneous broadenings are influenced by

this mechanism. Note that the phenomenological dephasing
time for the light-hole exciton is somewhat overestimated
�Fig. 7 �compare the gray square and triangle along the X
axis��. As it was mentioned at the beginning of this section,
preliminary calculations on the Pauli-blocking level have
been made in order to get an estimate for the phenomeno-
logical dephasing time. This was working well for the heavy-
hole exciton. Due to strong coupling of the light-hole exciton
to the pair continuum of the heavy-hole exciton the homoge-
neous broadening of the light-hole exciton has been overes-
timated. However, the second reason for the increase in the
homogeneous broadening could be disorder. As the ampli-
tude of the disorder scales with the inverse mass of the light
hole, for the W /J=0.4 we obtain a larger Wl=0.9 meV than
for the heavy-hole exciton, which is Wh=0.72 meV. Thus
we expect stronger influence of disorder on the light-hole
exciton.

Figure 8 shows the linear spectra of the light-hole exciton
�at the top� and the imaginary part of the rephasing mode
2DFTS. In comparison to the experiment �Fig. 8�a�� our nu-
merical simulations �b� reproduce the butterfly form of the
dispersive feature quite well. The Gaussian convolution leads
to simple elongation along the diagonal.14 In reality the ovals
of the maximum and minimum at the higher frequencies re-
orientate horizontally and vertically, respectively. This is due
to the Fano effect, which is induced by both the light-hole
exciton coupling to the heavy-hole pair continuum and by
the coupling to its own center-of-mass continuum. In order to
distinguish these two mechanisms one could carry out Pauli-
blocking simulations because the first mechanism on this
level is absent in the cocircular excitation scenario. Never-
theless the homogeneous broadening extracted from the
rephasing mode spectrum is only about 2% larger than our
input parameter �the error bars have not been taken into ac-
count�, see Fig. 7, gray triangle. Thus, we conclude that for
the present model disorder-induced dephasing is not easy to
be identified.

We now concentrate on inhomogeneous broadening. As
we learned from the heavy-hole exciton investigations the

FIG. 7. Inhomogeneous broadening of the excitons �black iden-
tifies heavy-hole exciton and gray the light-hole exciton� vs �hom,
extracted from the 2DFTS, rephasing mode. The squares show ex-
perimental data for GaAs/AlGaAs taken from �Ref. 14�, diamonds
are the data of the ordered 2DFTS, which have been broadened by
Gaussian with the FWHM of 0.72 meV, and triangles are the data
extracted from the present calculation. We used the following dis-
ordered parameters: W /J=0.4, Wh=0.72 meV, Wl=0.9 meV, the
number of realizations is 13, and disorder length scale L=a. Esti-
mated error bars are shown.

FIG. 8. �Color online� Upper figure: normalized linear spectra
for the ordered �solid line� and disordered �dot-dashed line� situa-
tion at the light-hole excitonic peak. Normalized imaginary-part
2DFTS rephasing mode: �a� experimental data are taken from Ref.
14 and �b� modeled disorder with the amplitude of 0.9 meV, W /J
=0.4, and number of realizations is 13. Disorder length scale L=a.
The energies at the vertical axis follow from reflection of the hori-
zontal axis at the diagonal.
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inhomogeneous broadening is influenced by material param-
eters such as effective mass and also �see first part of the
paper� by the disorder length scale. Since we consider here a
minimal length scale of disorder to be equal to the site sepa-
ration a, we focus on the effective mass. In the experiment,
the effective mass for the light-hole exciton has been ob-
served to be smaller than for the heavy-hole exciton. Strain
could be a possible reason for this ratio of masses. We per-
form our simulations using the same trend.

Applying our method for the determination of the inho-
mogeneous broadening, we obtain an almost eight times
smaller value if compared to the amplitude of disorder Wl.
From Fig. 3 we see that the reason cannot be the different
masses of the holes, which lead to such large reduction in the
inhomogeneous width. The main difference in the present
simulations compared to those leading to Fig. 3 is twofold:
�i� the present calculation treats nonlinear spectrum and �ii�
the light-hole exciton sits on the top of the heavy-hole pair
continuum. Since these transitions are coupled due to corre-
lations, we conclude, that the reduction in the inhomoge-
neous width of the light-hole exciton is due to this coupling.
Continuum states, here the heavy-hole pair continuum, are
generally less affected by disorder than discrete states like
the exciton. We conclude that this insensitivity of the con-
tinuum states is transferred to the light-hole exciton by
many-particle correlations. Note that here we are discussing
the inhomogeneous width of a nonlinear spectrum, which
cannot be expected to be equal to that of a linear spectrum.

Using Gaussian convolution, the homogeneous and inho-
mogeneous broadenings of both excitons are not distinguish-
able �black and gray diamonds in Fig. 7� since the error
boxes cross. It has to be remarked that using Gaussian con-
volution the averaging processes cannot be modeled. Thus,
satisfactory agreement with experimental data can only be
expected by microscopically modeling the disorder potential.

VII. CONCLUSION

A case study has been performed on the basis of a one-
dimensional tight-binding model which illustrates the influ-
ence of weak disorder, characterized by various length
scales, on homogeneous and inhomogeneous excitonic line
broadenings. Nonlinear spectra have been studied, in particu-
lar, that allow one to determine homogeneous and inhomo-
geneous contributions to the linewidth separately. For a

length scale smaller than exciton Bohr radius, both contribu-
tions are influenced by averaging due to the relative motion
of the electron-hole pair. This averaging reduces the effective
disorder amplitude. Additional disorder-induced homoge-
neous width is due to coupling to center-of-mass excitonic
continua, where Fano-type couplings can play a role.

By applying our model to existing experimental data, we
found that many-particle correlations can lead to contribu-
tions to the inhomogeneous width. In the situation of the
experiment it has been shown that this coupling can dramati-
cally reduce the inhomogeneous width if one set of transi-
tions is a continuum.

In the nonlinear regime, in addition to excitonic transi-
tions, also features induced by Coulomb correlations appear
close to the energetic position of the excitonic transition.19

These include resonances due to bound biexcitons energeti-
cally slightly below the excitonic peak and induced absorp-
tion due to states of unbound two-exciton transitions slightly
above the exciton. These additional features tend to obscure
the disorder-related effects. While a calculation in the Pauli-
blocking limit can concentrate on pure disorder-induced ef-
fects this is not possible in reality. In order to reduce these
correlation-induced features in an experiment, suitable polar-
izations of the three excitation pulses in the FWM �2DFTS�
scheme have to be chosen. The selection rules34 predict that
for cross circular �right handed and left handed�, for colinear
and, in particular, for cross-linear polarized pulses bound
biexcitonic features are strong while for cocircular polariza-
tion bound biexcitons are absent in the nonlinear response.
We therefore suggest to study 2DFTS for a cocircular polar-
ization scheme on quantum wells, which are fabricated in
such a way that various length scales of the disorder can be
assumed to exist. For nominally equal amplitude of the dis-
order potential, which depends on the average well width,
various length scales of the well-width fluctuation can be
induced by suitable growth conditions.35 The largest disorder
effects on the homogeneous broadening, i.e., the Fano-
induced features, are predicted for a length scale that is close
to the exciton Bohr radius.
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